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A system of nonlinear partial differential equations is derived to describe the vibrations of a multi-walled nanotube.
The system reduces to a nonlinear dynamic system with а large number of degrees of freedom (DOFs). To reduce its
dimension, the nonlinear modal analysis method is used to give 2-DOF dynamic system, which is studied by the
asymptotic multiple scale method. This gives a system of modulation equations, whose fixed points describe the free
vibrations of the nanotube. The fixed points are described by nonlinear algebraic equations, whose solutions are given on
a backbone curve. Use is made of the Sanders–Koiter shell model to describe the nonlinear deformation of the nanotube
and Hook’s nonlocal anisotropic law to simulate its vibrations. Notice that the elastic constants of the nanotube walls
differ. The nanotube model is a system of nonlinear ordinary differential equations, which is obtained by applying the
weighed residuals method to the nonlinear partial equations. Three types of nonlinearities are accounted for in the
nanotube model. First, the Van der Waals forces are nonlinear functions of the radial displacements. Second, the
displacements of the nanotube walls are assumed to be moderate, which is described by a geometrically nonlinear model.
Third, since the resultant forces are nonlinear functions of the displacements, the use of natural boundary conditions in
the weighted residuals method results in additional nonlinear terms. A finite-DOF nonlinear dynamical system is derived.
The free nonlinear vibrations of the nanotube are analyzed. The calculated results are shown on a backbone curve.

Keywords: reduced order modeling, nanotube, Hook’s nonlocal anisotropic law, finite degree of freedom
nonlinear dynamical system, multi-mode invariant manifold.

1. Iijima S. Helical microtubules of graphitic carbon. Nature. 1991. V. 354. Pp. 56-58.
https://doi.org/10.1038/354056a0

2. Avramov K.V., Chernobryvko M., Uspensky B., Seitkazenova K.K., Myrzaliyev D. Self-
sustained vibrations of functionally graded carbon nanotubes reinforced composite cylindrical
shell in supersonic flow. Nonl. Dyn. 2019. V. 98. Pp. 1853-1876.
https://doi.org/10.1007/s11071-019-05292-z

3. Uspensky B., Avramov K., Nikonov O., Sahno N. Dynamic instability of functionally graded
carbon nanotubes-reinforced composite joined conical-cylindrical shell in supersonic flow. Int. J.
of Struct. Stab. and Dyn. 2022. V. 22. 2250039.
https://doi.org/10.1142/S0219455422500390

4. Raii-Tabar H. Computational modelling of thermo-mechanical and transport properties of
carbon nanotubes. Physics Reports. 2004. V. 390. Pp. 235-452.
https://doi.org/10.1016/j.physrep.2003.10.012

5. Iijima S., Brabec C., Maiti A., Bernholc J. Structural flexibility of carbon nanotubes. J. Chem.
Phys. 1996. V. 104. Pp. 2089-2092.
https://doi.org/10.1063/1.470966

6. Yakobson B.I., Campbell M.P., Brabec C.J., Bernholc J. High strain rate fracture and C-chain
unraveling in carbon nanotubes. Comput. Mater. Sci. 1997. V. 8. Pp. 241-248.
https://doi.org/10.1016/S0927-0256(97)00047-5



7. Li R., Kardomateas G.A. Vibration characteristics of multiwalled carbon nanotubes embedded
in elastic media by a nonlocal elastic shell model. ASME J. of Appl. Mech. 2007. V. 74. Pp.
1087-1094.
https://doi.org/10.1115/1.2722305

8. Hu Y.G., Liew K.M., Wang Q., He X.Q., Yakobson B.I. Nonlocal shell model for elastic wave
propagation in single- and double-walled carbon nanotubes. J. of the Mech. and Phys. of Sol.
2008. V. 56. Pp. 3475-3485.
https://doi.org/10.1016/j.jmps.2008.08.010

9. Chowdhury R., Wang C.Y., Adhikari S. Low frequency vibration of multiwall carbon
nanotubes with heterogeneous boundaries. J. of Phys. D. 2010. V. 43. 085405.
https://doi.org/10.1088/0022-3727/43/8/085405

10. He X.Q., Kitipornchai S., Wang C.M., Liew K.M. Modeling of van der Waals force for
infinitesimal deformation of multi-walled carbon nanotubes treated as cylindrical shells. Int. J. of
Sol. and Struc. 2005. V. 42. Pp. 6032-6047.
https://doi.org/10.1016/j.ijsolstr.2005.03.045

11. Hoseinzadeh M.S., Khadem S.E. Thermo elastic vibration and damping analysis of double-
walled carbon nanotubes based on shell theory. Phys. E. 2011. V. 43. Pp. 1146-1154.
https://doi.org/10.1016/j.physe.2011.01.013

12. Asghar S., Naeem M.N., Hussain M. Non-local effect on the vibration analysis of double
walled carbon nanotubes based on Donnell shell theory. Phys. E. 2020. V. 116. 113726.
https://doi.org/10.1016/j.physe.2019.113726

13. Avramov K.V. Nonlinear vibrations characteristics of single-walled carbon nanotubes via
nonlocal elasticity. International Journal of Nonlinear Mechanics. 2018. V. 117. Pp. 149-160.
https://doi.org/10.1016/j.ijnonlinmec.2018.08.017

14. Fazelzadeh S.A., Ghavanloo E. Nonlocal anisotropic elastic shell model for vibrations of
single-walled carbon nanotubes with arbitrary chirality. Composite Structures. 2012. V. 94. Pp.
1016-1022.
https://doi.org/10.1016/j.compstruct.2011.10.014

15. Chang T. A molecular based anisotropic shell model for single-walled carbon nanotubes.
Journal of the Mechanics and Physics of Solids. 2010. V. 58. Pp. 1422-1433.
https://doi.org/10.1016/j.jmps.2010.05.004

16. He X. Q., Kitipornchai S., Wang C. M., Xiang Y., Zhou Q. A nonlinear Van Der Waals force
model for multiwalled carbon nanotubes modeled by a nested system of cylindrical shells.
ASME Journal of Applied Mechanics. 2010. V. 77. No. 6. 061006.
https://doi.org/10.1115/1.4001859

17. Washizu K. Variational Methods in Elasticity and Plasticity. 1968. 120 pp.

18. Zienkiewicz O., Morgan K. Finite Elements and Approximation.1983. John Wiley & Sons,
New York.



19. Pesheck E., Boivin N., Pierre C., Shaw S. W. Nonlinear modal analysis of structural systems
using multi-mode invariant manifolds. Nonlinear Dynamics. 2001. V. 25. Pp. 183-205.
https://doi.org/10.1007/978-94-017-2452-4_10

20. Nayfeh A.H., Mook D.T. Nonlinear Oscillations. New York: Wiley, 1995. 720 pp.
https://doi.org/10.1002/9783527617586

21. Liew K.M., He X.Q., Wong C.H. On the study of elastic and plastic properties of multi-walled
carbon nanotubes under axial tension using molecular dynamics simulation. Acta Materialia.
2004. V. 52. No. 9. Pp. 2521-2527.
https://doi.org/10.1016/j.actamat.2004.01.043

Received on March 15, 2023,
in final form on June 7, 2023


